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Timed Automata with diagonal constraints :
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We will now consider
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diagonal constraints
"

in guards :

N-y E3
n y> s

•-

C E IN

4 : n - c In - y - c l yay - E Es. E ,
773

my C- X

Questions :
-

- l . Do diagonal constraints add expressive power ?

- NO

-2 . No diagonal constraints give succinctness ?

- Yes
.



Eliminating diagonal constraints :
-
- -

Terminology : Let us call timed automata with diagonal constraints
as

"
d- timed automata

"

Theorem:
-

For every d- timed automaton A, there exists a

timed automaton (without diagonal constraints) B s -t .

LC A) = LIB)

-

Idea: To eliminate In-yE5T
- -
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Difference between two clocks stays constant during time
↳ elapse

At state
'

g
'

either we reach with a value s - t - n - y E5
is true .

or N- y 75 ( the constraint is false )



The idea is to split
'

9
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into two :

( q , 1 ) and ( q ,
o )
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- I - Diagonal values do not change with time elapse

- 2 . Diagonal values change during resets
.

- 3 .
Maintain the truth of the diagonal constraint in the stale

and give update rules based on the resets .

To eliminate X - y Ec
- -

status of
B : ( g, , o ) and Cq, 1)

a . g
For each transition of A : g, - 91

'

R

we have the following transitions in B :

i) Suppose g does not contain n - y sci

-

suppose neither n nor y is reset in R : NIR , y EIR :

( g, , b)
(q
'

,
b ) belo .is

- Suppose both my are reset : NER
, YER .

( 9, , b )¥, 1951 ) because 0 Ee

- suppose y is resetting R
, n EIR :

( q , b )
(q
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Suppose n ER
, y f- R :

Cq , b ) Cgi, 17
{ n }

-

y si

Cii)

suppose g is of the form g. A NII :

Cq, ,o7⇒,
•

← Replace g with g ,

Q , 91
Restrict to ( q , 17→

and do the same

steps as before
.

- We now have an automaton without n- y Ec .

Question what to do when there are multiple diagonal

- You can eliminate one at a time .



In the final automaton without diagonal constraints :

( q , 011100 )
-

t

t

each bit is tracking one particular diagonal constraint

- This construction gives an exponential blow - up to the number of
states .

- Is this blow-up unavoidable ?



Diagonal constraints add exponential succinctness :
- - -

timed
construct a faintly of
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Snf . For each Ln there is a d- timed automaton In with

2 States and n transitions .

Howerter
, every diagonal - free automaton has at least 2

"
States .

La#n :

Simulate an
'
n
' bit counter :
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A
,
increment c

clock to

a , c=zn

⑥
/ Adednsure"''That between

→OF consecutive
'

a 's there is

non - zero time elapse

(

C : a counter counting the no . of a's so far
.

C = bn- , bn, - n . . be b ,

① bb!?! a ,
b. = ,

n bi
' ''
"
ibn -F

'

⑧

o

-
→

↳
b
,
-_ I n be-0 ?

o , ,
by :=0 A bzi=1

"on :÷: ÷÷÷÷:→ only n transitions .

- How to do the above task using clocks ? Ens' }

- For each bi : { ni , ni
' } Ui - ni

'
=o denotes bi =D

Ni - ni
'
> o denotes bi - 1

Final automaton : Automaton with counters as above ,

-

with Countess replaced with corresponding
diagonal constraints and resets .



Every diagonal - free automaton for Ln requires at least I stales :

=
- - -

{Suppose there exists a diagonal - free automaton Bn with

< 2
"

States accepting Ln = E Lam
,
t ) Item . -ray }

-
w :

E Ln

r

⇒

'

÷ . - - ÷
.

Bn will have an accepting run on W .

-

(go, no)÷> Iq , ,u , ) cqz.ua) → . . . .

¥'

cqn.ua)÷
qzn is ace

.

Since there are s I States , some qi = 9J

9i 9g
'

F-

Claim : the run obtained by cutting the part between

qi and gj
is also a valid accepting sun



go gi
(go.vn q, ,u , qz.ua ,

→ - - - -
→

Vo : O O O O O. O

Inn 's:"
" ' Em, go ¥¥

Since go is diagonal free it should allow
1×1

the open hypercube : (oil )

1×1
- Similarly ga should allow all valuations in coil )

-

This property is true for every gi in the run
.

- Igi , ui ) (9in Vix)

In. Lisa
.

Go:

(9in ,
Viti )→ ( qjtz.vji.tl - . . .

( 95 . In
' )

A dock in Yi can have the foll . values : Izzi ' + ' ' ' "
°

- on time elapse
,
of

it '

↳nm :
'

' ' ' Int,

since gj allows all valuations in (0,171×1
,
itshould allow

Vj + llzntl .

- This way , we can extend the run till l9zn , Han )

→ A timed word with s I a's has an accepting run in B.

→ Contradiction !


